Abstract.
In this paper, we will calculate the eta functions for torus bundles over S 1 which arise from boundaries of degenerations of Abelian varieties when the local monodromies are unipotent or have nite orders. By using the special values of the eta functions, we obtain the signature defects for such degenerations.
x1 Introduction.
(1.1) In [H2] , Hirzebruch dened a signature defect for a cusp singularity of a Hilbert modular variety associated to a totally real number eld of degree d and calculated them for Hilbert modular surfaces (d = 2) by using his beautiful explicit resolution of the cusp singularities. Based on these computations, Hirzebruch showed that if d = 2 the signature defects coincide with special values of Shimizu's L-function [S] and he conjectured that this fact also holds even for the cusps in the higher degree cases. This conjecture was proved by Atiyah, Donnelly and Singer in [ADS] 
. ) The signature defect for a cusp is dened as that of the framed manifold (Y; ) arising from the boundary of a small neighborhood X of the cusp. In case of d = 2, Hirzebruch calculated (Y; ) by using the explicit calculation of good minimal resolutions of the cusp singularities. However, in higher dimensional cases, though we have Hironaka resolutions of singularities in general, it is rather dicult to get enough information from them.
On the other hand, for a framed manifold (Y; ) one can dene the eta function (D; s) associated to a certain rst order self-adjoint operator D induced by the at connection (cf. x2). By using index theorems in [APS-I, II, III], Atiyah, Donnelly and Singer [ADS] proved that that the special value (D; 0) coincides with the signature defect (Y; ) for a cusp of a Hilbert modular variety. Furthermore they proved that (D; 0) coincides with a special value of Shimizu L-function, which established the conjecture in general.
In [APS-I] , another type of signature defect was dened for a Riemannian manifold X with boundary @X = Y under the assumption that the metric of X is product near boundary. From the denition (cf. (2.4)), we denote it by (X; Y ), though it depends only on Y and its metric. They also dened the tangential ( 1.2) The main purpose of this paper is to calculate these signature defects and the eta functions of some torus bundles over the unit circle S 1 arising from boundaries of one parameter degenerations of abelian varieties (of complex dimension n = 2k-1) in algebraic geometry. An one parameter degeneration of abelian varieties is a projective holomorphic map f : X 0! D from a smooth complex manifold onto a unit disk such that for t 2 D 3 := D 0 0 the bre X t = f 01 (t) is an abelian variety (i.e. a complex torus with a projective embedding). If the relative complex dimension is n = 2k 0 1, the boundary Y is a torus bundle over S 1 of real dimension 4k 0 1. Note that if the relative dimension n is even, then the signature defects of Y should be dened to be zero.
Let us recall the classication of one parameter degenerations of elliptic curves due to Kodaira [K] for a motivation. Let f : X 0! D be a degeneration of abelian varieties of complex relative dimension 1 (i.e. elliptic curves) and let g : Y 0! S 1 be its boundary. We assume that f has a holomorphic section.
Moreover since the total space X is of dimension 2, we may assume that X is the minimal model, that is, X has no exceptional curve of the rst kind. This assumption is very important to determine the conguration of the special bre X 0 = f 01 (0) (as a scheme theoretic bre). Under these assumptions, Kodaira [K1] classied degenerations of elliptic curves into 10 types (see gure 1). They are essentially classied by means of the monodromy translation T on H 1 (X 1 ; Z).
Note that in our case the monodromy T is always a parabolic or an elliptic element of SL 2 (Z).
For an oriented smooth bre bundle of torus over a punctured Riemannian surface, one can dene a signature cocycle as in x2 of [A] and Meyer [M] introduced an invariant : SL 2 (Z) 0! Q whose coboundary is minus the signature cocycle.
(cf. [x5, A] .) In [A] , Atiyah studied the relations between many invariants dened for each element T 2 SL 2 (Z) including Meyer's invariant (T ), the eta invariant (B Y ; 0), its \integral adiabatic limit" 0 (B Y ; 0) and the signature defect (Y; )
(if it admits a framing). First of all, one can show that 0 (B Y ; 0) = 0(T) for every element T 2 SL 2 (Z) ([Prop. 5.12, A] ). (Note that we use the orientation of Y opposite to one in [A] .) Then in our case, by using the same argument as in [A] and considering existence of suitable elliptic surfaces we can prove that (1.4) In order to obtain a formula of the signature defects like (1.3) in the higher dimensional case, we have to know about good birational models of degenerations and its central bres. However, since the relative dimension of f is greater than 2, we do not have a unique smooth minimal model of X in general, therefore the topology and geometry of the central bre of X will be subtler than in the case of n = 1.
On the other hand, the eta invariants depends only on the boundary manifold Y and we do not have to take care of the central bre of X. Therefore, in this paper, we will mainly calculate the eta functions and the eta invariants. Since the index theorems relate some eta invariants to the signature defects, which are the dierences of some topological objects and geometrical objects coming from X, it will be an interesting problem to study some good birational smooth models of X and study their central bres from the view point of the signature defects.
(1.5) Now we will explain our problem more explicitly. The most important property of the torus bundle Y arising from a degeneration of abelian varieties is the quasi-unipotency of the monodromy transformation T on H 1 (X t ; Z). When T is unipotent, Y has a structure of homogeneous manifold with respect to a Lie group and it denes a natural framing on Y , and this allows us to consider the signature defect (Y; ) of this framed manifold and also the eta function (D; s).
For a general degeneration of abelian varieties, one can take a nite base changẽ D ! D to make the monodromy T unipotent. Then a given degeneration becomes a quotient of a degeneration with a unipotent monodromy by a nite cyclic group. In general, the action does not preserve the framing, hence one can not induce the natural framing of the boundary Y from the unipotent case. By a technical reason, in this paper we will deal with the following two cases.
(I) Unipotent monodromy cases and (II) Finite monodromy cases.
In the case (I), we will show that the eta function (D; s) associated to the at connection coincides with the Riemann Zeta function up to an easy factor when n = 1 and it vanishes identically when n 2. By using these facts, we will calculate the signature defect (Y; ) explicitly and we show that if n 2 the invariant (Y; ) is an integer depending only on the dimension n and rank (T 0I).
In the case (II), we may assume that f : X 0! D is dieomorphic to some smooth model of quotient variety G l n(A 2 S 1 ) where A is an abelian variety and G l is generated by the product = (; e l ) of an automorphism of A xing the origin and polarization and e l = exp(2i=l). The polarization induces a metric on A and the natural product metric on A 2 S 1 is invariant under the action of.
Therefore this metric induces a metric on Y which extends naturally to a metric on X, which is product near the boundary. By using this metric, one can dene the signature defect (X; Y ) and the eta function (B Y ; s). Moreover one can introduce the equivariant version of the eta function. We will calculate these eta functions explicitly and obtain the signature defect (X; Y ) by using equivariant version of index theorem for manifolds with boundary due to Donnelly [D2] .
(1.6) Now let us state our main theorems. Let f : X 0! D be a degeneration of principally polarized abelian varieties over the unit closed disk of relative complex dimension n = 2k 0 1 (for precise denition, see (3.1)), and g : Y 0! S 1 the boundary bration. We always assume that f has a section.
(1.7) (I) Results in the cases of unipotent monodromies.
Assume that the monodromy T is unipotent. Then we can dene a framing on Y and the tangential signature operator D by using at connection associated to the framing instead of the Levi-Civita connection (see (2.16)).
The eta function (D; s) can be calculated as follows. where (s) = P 1 n=1 n 0s is the Riemann Zeta function.
(ii) If k > 1 (i.e. n = 2k 0 1 > 1), then (D; s) 0:
Next let us set r = rank(Ker(T 0 I 2n )). Then since (T 0 I) 2 = 0 we see that n r 2n. As for the signature defect (Y; ) of the framed manifold (Y; ) we have the following theorem. (ii) If n > 1, and r > n, we have (Y; ) = 0 (iii) If n > 1, and r = n, the signature defect (Y; ) depends only on the relative dimension n (hence k). If we write as (Y; ) = s(k), s(k) is equal to the signature of a certain explicit matrix. For small k, we have s(2) = 01 and s(3) = 02. (cot( j l
We note that Donnelly calculated j(B W ; 0) by using the right hand side of the index theorem. For the relation between our results and his, we may refer the reader to Remark 5.14.
(1.17). The organization of this paper is as follows. In x2, we recall some necessary denition and backgrounds about signature defects, eta functions and index theorems. In x3, we will explain about degenerations of abelian varieties. Most of the results in these two sections should be well-known to experts. In x4, we will deal with the cases of unipotent monodromies. In x5, we will deal with the cases of nite monodromies.
( Dene a tensor eld T on Y 2I by f(t)T 0 . Then this can be extended to a tensor T over X by setting T = 0 on X 0(Y 2I). Moreover X admits a Riemannian metric such that whose restriction on the neighborhood Y 2I coincides with the product metric on Y 2I. Then as shown in [Hel, p48] , there is a unique connection on the tangent bundle T X such that preserves the metric of X and has torsion tensor T (cf. [Lemma 13.3, ADS] 
(2.12) Eta functions and Eta invariants. An eta function is a spectral function for a rst order self-adjoint dierential operator on a Riemannian manifold. According to the case of Riemannian manifolds and framed manifolds, one can dene suitable eta functions.
First let us recall the general denition of eta functions. Let Y be a compact oriented Riemannian manifold, E a vector bundle over Y . Assume that E is endowed with a smooth inner product, which induces the natural metric on the space of its smooth sections 0(Y; E). We will consider a rst order elliptic dierential (2.16) Framed manifold case. Let (Y; ) be a framed manifold of dimension 4k01. Then the framing denes a at connection r on the tangent bundle Y which also induces at connections on^pT 3 Y . Moreover we can dene the natural Riemannian metric induced by the framing. According to [ADS] , let d r denote the skew covariant dierential associated to this framing, that is, d r is dened by the composition:
where the second map is the exterior multiplication. (2.23) Index theorem for framed manifolds. (cf. Theorem 13.1 in [ADS] ). Let (Y; ) be a framed manifold of dimension 4k01 and take X such that @Y = X as in (2.6 Proposition-Denition (2.31). Under the notation and the assumption as above, we dene the signature defect for an isometry of X by the dierence: Let f : X 0! D be a degeneration of PPAV of complex relative dimension n and let g : Y 0! S 1 be its boundary bration. In the rest of this paper, we assume that every degeneration f admits a section : D 0! X which we will often identify with the zero section. Setting X 0 = f 01 (D 3 ), we obtain a smooth bration f 0 : X 0 0! D 3 of Abelian varieties. In the category of dierentiable manifolds, this is nothing but a torus bundle over the punctured disk D 3 with the typical bre (S 1 ) 2n , and the boundary bration g : Y 0! S 1 is a deformation retract of f 0 : X 0 0! D 3 .
We will recall here a complex uniformization of f 0 : X 0 0! D 3 which induces a uniformization of the boundary Y .
Let X 1 = f 01 (1) Therefore we have quotient manifolds Sn(C n 2U) and LnC n , and since the natural projection C n 2 U 0! U is equivariant with respect to h we obtain the natural bration (3.11)
: Sn(C n 2 U) 0! ZnU ' D 3 :
Note that this bration has a natural section O which corresponds to ( ! 0 ; t). Now we can state the following proposition. For a proof, see Ueno [U] . (3.14) Real uniformizations.
In proposition 3.12, we have a complex analytic isomorphism : X 0 0! Sn(C n 2 U) and this induces a dieomorphism jY : Y 0! Sn(C n 2 R). By using this, we can introduce the new real coordinate (x 1 ; 1 1 1 ; x 2n ) of C n by the formula: The most important property of a torus bundle g : Y 0! S 1 arising from a degeneration of abelian varieties is that it always admits a semistable reduction after a nite base extension. In terms of the monodromy T , it can be stated as the special case of the following quasi-unipotency of T arising from degenerations of Hodge structures. (For a general statement and a proof, see for example [G-S] .) We dene a group structure on S R := L R 2 V R = R 2n 2 R so that S becomes a uniform lattice of it. More explicitly, this can be dened by the multiplication law (3.27) ( ! x 1 ; t 1 )( ! x 2 ; t 2 ) = ( ! x 1 + exp(t 1 N) ! x 2 ; t 1 + t 2 ):
Then we get a compact homogeneous manifold S n S R which is a bre space over V n V R = S 1 with the typical bre A = L n L R . By the construction and (3.14),
we have a natural dieomorphism Y ' SnS R : Let (3.30) Finite Group Actions.
By theorem (3.23), for a general degeneration f : X 0! D, the boundary g : Y 0! S 1 is a free quotient of the boundaryg :Ỹ 0! S 1 of a semistable degeneration by a cyclic group. In general a framing ofỸ dened in proposition (3.29) is not invariant under the group action, hence we can not dene the natural framing on Y . On the other hand, the metric induced by the framing ofỸ may be invariant. And if it is true, we may calculate the signature defect or eta invariant for Y as a Riemannian manifold by using the equivariant version of eta invariant in (2.18).
For a technical reason, we will not deal with the general case but consider the degeneration f : X 0! D with the monodromy T of nite order l. Proposition 4.19.
For 2 L 3 , the dierential operators X i and Z act as (X i ) = 02 p 01 < + tN; e i > (i = 1; 2; : : : ; 2n) and (Z) = 0 d dt .
Proof. We identify C 1 (S n S R ) with the invariant subspace C 1 (S R ) S Tr(D j E ) = 02 n Tr(E n j E ):
In particular, when n 2 we have Tr(D j E ) = 0. Proof. Since E n is hermitian and unitary on E, and since E 3 n E i E n = 0E n for i 6 = 1 and E 3 n F E n = 0F, we have E 3
When n 2, we have another hermitian and unitary matrix E 1 on E since r n 2.
Since we can write the eta function of D as
where the summation is taken over all eigenspaces E( 2 ) of D 2 with eigenvalues 2 .
From Lemmas 4.23, 4.24, 4.25 and 4.26, we see that D (s) = 0 unless n = 1. Therefore we obtains the assertion (ii) of Theorem (4.7).
(4.27) Continuation: the case n = 1.
In view of (4.19), (4.25) and (4.26), we must calculate Tr(E 1 j E ) for n = 1. Set Lemma 4.30. We have F E 1 E 2 = Id:
Proof. We get the identity from a direct calculation. See section 4.3 of [G] for general dimension. Lemma 4.31. We have E 1 j M 6 = 6Id:
The following proposition shows the assertion (i) of Theorem 4.7. The frame on S R induces also a frame on S() n S R , hence, the metric g . With respect to this metric g we can dene a dierential operator D, which we denote by D() as in (2.17). Consider a dieomorphism 9 : S() n S R ! S n S R dened by 9 (S()(x; t)) = S(x=; t). For 2 L 2 (S n S R ) M we dene a dierential operator D by D ()(S(x; t)) := D()( 9 )(9 01 (S(x; t)). Then we have
The operator D is dened by the metric (9 01 ) 3 g on S n S R , in other words, dened by the frame fX i =; Z; i = 1; 2; : : : ; 2ng. Proof. See Lemma 14.7 in [ADS] . By (4.47), we see that the Lie group structure depends only on n and r. Now from (4.46) and (4.49), we have the following proposition which implies the rst assertion of Proposition (4.13).
Proposition 4.50. The signature sign(B 1 ) in (4.10) depends only on the dimension n and the rank r (n r 2n).
Next we will prove the assertion (i) of Proposition 4.13. Let i and 2 G 3 be the dual of X i and Z, respectively. Then we have d i = 0( i N)^ and d = 0.
In the following we use the notation N 3 i instead of i N. In (3.24) we dene NL to has rank 2n 0 r. Set s = 2n 0 r. Since where I 1 f1; 2; : : : ; sg; I 2 fs + 1; s + 2; : : : ; rg and I 3 fr + 1; r + 2; : : : ; 2ng, and jI 1 j + jI 2 j + jI 3 j = 2k 0 1(= n). We call that ! I 1 ;I 2 ;I 3 has type (jI 1 j; jI 2 j; jI 3 j). Recall that W = A 2 S 1 has a natural framing coming from the framings on both factors such that the metric induced by the framing coincides with the product of the metric on A induced by the polarization and the natural metric on S 1 . Though does not preserve the framing, it preserves the metric of W and hence this metric induces a natural metric on Y = G l nW.
Moreover the action of G l on W can be naturally extended to A 2 D and X is dieomorphic to a Hironaka resolution of the quotient variety G l n(A 2 D). Then the product metric on A 2 D induces a metric on X whose restriction on the boundary Y coincides with the above metric and the metric on X is product near the boundary. Therefore we can dene the signature defect (X; Y ) as in (2.5). We will x these metric for X and Y from now on.
In this section, we will calculate the G- Remark 5.14. Donnelly [D2] obtained the special value j(B W ; 0) by using the index theorem (Theorem 2.32) and calculating the right hand side of (2.32).
It is easy to see that sign( j ; A 2 D; W ) = 0 for all j and so it suces to determine the rst part of the right hand side of (2.32). Moreover he showed that if j has 1 as its eigenvalue the integrand of the rst term of (2.32) ; which gives the number of xed points of j . We remark that the formula (5.16) can be explained as follows. If we regard j as an automorphism of the lattice L it can be represented by the integral matrix of size 4k 0 2 whose eigenvalues are given by exp(6 2ja i l ) for 1 j 2k 0 1. On the other hand one can easily show that the number of xed points of j is given by the determinant
Thus we obtain the formula Proof. This easily follows from the decomposition of (5.26) and the fact that ( j ) 3 induces the isomorphism Here we can only show that this claim implies (5.30), and we prove the claim later. For a non-zero element 2 V , the elements B ;m 6 become non-zero eigen vectors of B ;m with eigenvalues 6 respectively. (Note that B 2 ;m = 2 .) On the other hand, the action of ( j ) 3 commutes with B ;m , hence the actions of ( j ) 3 on these two eigenvectors are the same. 
